Submatrix Selection for Matrices with Orthonormal Columns

Tongren Xiao

Abstract

For a real matrix with three orthonormal columns, we obtain a lower bound for the largest
squared smallest singular value among its three-row submatrices. For every n > 6, it improves
the corresponding three-dimensional bound of Xu and the classical maximum-volume bound.
The bound is asymptotic to (5 —+/13)/(2n). For six rows we obtain the larger bound given by
the smallest zero of 7023 — 12022 + 572 — 6. The proof combines a characteristic polynomial
averaged with determinant weights, inequalities for squared minors, and incidence identities
on three-element subsets. For arbitrary k, we also prove the bound n~'/2 for an n x k matrix
with orthonormal columns whose nonzero rows lie on at most k£ 4 2 distinct lines through
the origin. We give an extremal construction for every n > k.

1 Introduction

For integers n >k > 1, let [n] = {1,...,n}. If U € R™* and I C [n], write U; for the matrix
formed by the rows indexed by I, in increasing order. Define

Apgr = min  max omi,(Ur)2 1
nk = i max omin(Ur) (1)
\I|=k

Here opmin denotes the smallest singular value. The minimum exists because the set {U : Uty =
I} is compact and the objective is continuous. Goreinov, Tyrtyshnikov, and Zamarashkin
conjectured that A, ; > 1/n [1]. Their maximum-volume argument gives A, > [k(n—k)+1]71.
Nesterenko proved the case (n, k) = (4,2) [2]; Sengupta and Pautov subsequently proved the
real case k = 2 for every n [3].

Orthogonal complementation gives A, = A;, ,—;. Indeed, complete U to an orthogonal
matrix [U V] and fix |I| = k. The equalities

UlUf =1L —Vivih,  ViVie=IL,—V{'Vi

show that both smallest eigenvalues equal 1— ||V;||3. Consequently, (5,3) is already a consequence
of the two-column theorem.

The uniform interlacing method relates submatrix selection to zeros of averaged characteristic
polynomials [7, Section 5]. Xu [5, Theorem 1.2] gives the three-dimensional interlacing bound
explicitly. In the present notation, it is the smallest zero p,, of

z :x3fg:v2 18 T = °
Jal(z) 7 o) a1 -2)

(2)

This is obtained by setting both the dimension and the selected size equal to three, and the
number of available columns equal to n, in Xu’s theorem, applied to U”. Our estimate uses
determinant weights instead of uniform weights. The stability-preserving operator theorem used
in the selection step is due to Borcea and Bréndén [8, Lemma 2.2].

Put A, = A, 3 and, for n > 6, define

5n? — 1ln+4 — \/(n? — 3n + 4)(13n2 — 43n + 36)
2(n—2)(n®>+n—4)

. (3)

Tn =

1



Theorem 1.1. For every n > 6,

A, > T > 5 > Pp. (4)

n—4
In particular,

liminf nA,, >
n—o0

5-13
—
For n =6 one has Ag > ag > 7¢, where oy is the unique zero in (1/7,3/20) of
g(x) = 702 — 1202% + 57z — 6. (5)

This zero is also the smallest real zero of g.

The comparisons with the classical bound and Xu’s three-dimensional estimate are

! < 2 < (n > 6) (6)
max _— r n .
3n—8 ([ S3p_a"T =

Their proofs are included in Section 4. For n = 6, the uniform cubic gives pg = (5 — v/15)/10,
whereas our bound is ag. Xu treats arbitrary dimensions and selection sizes; our comparison
concerns selection of three rows from a matrix with three columns.

A line is a one-dimensional linear subspace.!

Theorem 1.2. Let n >k > 2 and U € R™* satisfy UTU = I,. If the nonzero rows of U lie on
at most k + 2 distinct lines, then there is a set I C [n], |I| = k, for which

Umin(UI) Z n71/2- (7)

For k = 3, Theorem 1.2 applies to matrices whose rows lie on at most five distinct lines.
The proof uses the two-column theorem on the orthogonal complement of a matrix obtained
by combining parallel rows. Proposition 5.2 gives equality examples for every n > k; for k = 2,
equality is covered by Nesterenko’s criterion [4]. The unrestricted case (n,k) = (6,3) is not
settled here.

2 Minor Inequalities

For a real symmetric matrix H, the notation H > 0 means that H is positive semidefinite,
and H < K means K — H = 0. Write ||H|% = tr(HTH) and let ||H|2 be its operator norm.
Throughout Sections 2-4, P = UU? is a rank-three orthogonal projection on R™. Set

pPi = Pz'z'a bij = det P{i,j},{i,j}a d[ = det P],I (|I| = 3),
Q=p B=Y b - i 0
i i<j [1]=3
All these numbers are nonnegative. Cauchy—Binet gives
ddi=1, > di=p, > dr=by. (9)
I Ii I>{i,5}
To verify all three formulas, expand the same determinant in two ways:
det(UT (I, + diag 2)U) = Y dr [JA +2) = 3 det Pry [ 2-
I|=3 i€l JC[n] jeJ

The second equality uses UTU = I3, Sylvester’s determinant identity, and the principal-minor
expansion of det(/,, + diag(z)P). The empty principal minor is defined to be one.

!The lines pass through the origin. Opposite vectors lie on the same line, and row lengths may differ. Zero
rows do not contribute a direction.



Lemma 2.1. Let m > 3. Suppose q;; = x;y; — x;y; for x,y € R™, and extend the notation by
¢ji = —qij and q;; = 0. Put r; = Ej q%- and ¥ =m~t>". ;. Then

IEFTDI (10
%

1<J

and

B D) S (1)

i<j i

Proof. The zero case is immediate. Gram—Schmidt and homogeneity reduce the proof to
orthonormal z,y. Define H = zz” + yy” and let D be the symmetric matrix with D;; = quj for
1 # j and zero diagonal. Then r; = H;;, D1 = r, and

D:rrTfHoH,

where o denotes entrywise multiplication. Let W have rows (22, V2, y?). Then HoH = wwT
and 7 = W(1,0,1)7. Thus rank D < 3, and D has at most one positive eigenvalue. Since D # 0
and tr D = 0, its spectrum, with zeros appended, is A, —a, —b, where A\ > 0, a,b > 0 and
a+b= A\ Let § =max(a,b)/\ € [1/2,1]. Choose an orthonormal eigenbasis v; of D/\, with
eigenvalues &; € [—6,1], and set

wj = ]T, my = ijfj, mo = ijsz
J J
Then >, w; = 1, 7> = mA?my and |r — 71||> = mA%(ma — m?). The scalar inequality
52 < (1—6)s+ 6 on [-0,1] implies
dmy —mi < 4(1 —0)my 4+ 40 —m? < 4(6% — 0+ 1).
Since
> al = 5|IDIF =36 -6+ 1),
i<j

this proves (11). Inequality (10) follows because the right-hand side of (11) is nonnegative.
O

Lemma 2.2. Forn > 4, the quantities in (8) satisfy

3(n—1) Q
B <2(n—-1)C, B < 5 C+2(n—1)'

(12)

Proof. Fix i with p; > 0. By a right orthogonal change of coordinates, make the ith row of U
equal to (/p;,0,0). For j,¢ # i, the signed maximal minor with rows 4, j, £ is

qje = /Pi(Uj2Upz — UjsUpa).

These are the coefficients of a decomposable two-form on R”~!, meaning exactly the representation
in Lemma 2.1. Their squares are dy; ; 1. The row sums of the matrix of squared coefficients
are bj; by (9), and their sum is 2p;. Put C; = Y ,5,d7 and B; = >t bfj. With m =n — 1,
Lemma 2.1 gives

3 1 ?
Ci 2 B, Ci> —B;i— L.
m m

If p; = 0, the ith row of U vanishes and both inequalities still hold. Summing and using
>, Ci=3C, >, B; = 2B gives (12). O



Lemma 2.3. Forn > 6, the quantities in (8) satisfy

4 18 2 6
O g =PV R ey

(13)

n—2 n—3

Proof. Let A be the vertex—triple incidence matrix and M the pair-triple incidence matrix:
A;r = 11if i € I and zero otherwise, and M, = 1 if e C I and zero otherwise. Let E be the
vertex—pair incidence matrix. A matrix denoted by J below has all entries equal to one; its size
is specified by each identity. Counting triples and pairs gives

AAT = <” ; 2>In + (n — 2)Jy, EET = (n—2)I, + Jy,

MM" = (n—4)Im +E'E,  EM=24,  AM"=(n-3)E+J, .
2 \2

In R(g) define
Vo=R1, Vi=imATnVi, Va=imMIn(Voe W), Vi=kerM.

The first three identities show that A and M have full row rank; EM = 2A shows im AT C im M7

These facts give the orthogonal decomposition into Vg, Vi, Va, V3. Decompose R(g) into constants,
ET1+, and ker E. The identity for MM7T gives respective eigenvalues 3(n — 2),2(n — 3),n — 4.
The last two identities identify their images under M7 with Vg, Vi, Va, respectively. Therefore

| Vo Vi W Vs
ATA L 350 (%) 000
MTM |3(n—2) 2(n—3) n—4 0
T (%) 0 0 0

For d = (dj), formulas (9) give ||Ad|? = Q, ||[Md||?> = B, ||d||> = C and d*Jd = 1. Evaluating

the table yields
4 18

B 50+ g — (1= lhad,
(=)0 + Qv — B= (n— )|yl
n—3 (n—2)(n—3) ?
where Il is orthogonal projection onto V. Both right-hand sides are nonnegative. O

3 Averaged Characteristic Polynomials

A real polynomial is stable if it is nonzero whenever all its variables have positive imaginary
parts. It is multiaffine if its degree in each variable is at most one. A univariate real stable
polynomial has only real zeros. We use the following form of the Borcea—Brandén symbol
theorem [8, Lemma 2.2]: a linear operator 7' on multiaffine polynomials preserves stability,
allowing the zero polynomial, if T[] [,(z; + w;)] is stable in the output variables and the w;. We
also use preservation under differentiation and real specialization [8, Lemma 1.7].

Lemma 3.1. Let y1 be a probability measure on subsets of [N] such that g(z) = > g p(S) [[;cg 2
1s stable. Let Hy be a real symmetric r X r matrix and let H; = aiaiT for a; € R". Then

Z w(S) det (.CUIT — Hy — Z Hz)
S €S

has only real zeros.



Proof. The polynomial F(z,y) = det(xzl, — Ho + ), y;H;) is multiaffine in y because the H;
have rank at most one. It is stable: the imaginary part of the matrix is positive definite when
all variables are in the upper half-plane. Define

Th = F(.’E, —831, ey _aZN)h(Z)|z:1 :

Its symbol is

T

H(Zi + w;)

%

1 1
= 1 i) F — ey — .
H( +wz) <$a 1 +1U1’ ) 1 +wN>

7

BEach —(1 4 w;)~! has positive imaginary part when w; does. The symbol is therefore stable, so
Tg is stable or zero. Writing vy’ = [licsy; and F(z,y) =3, Fj(x)y’, we have

Tg =S (=)ME @) S u(8) = 3 u(9)F (@, —1s).
S

J S2J
Here 1g is the indicator vector of S. The resulting polynomial is monic and hence not zero. [

Lemma 3.2. The polynomial

X(z) =Y didet(xls — U[U;) =2 — Qa* + Bz — C (14)
|7]=3

has zeros 0 < ry < ry <13 < 1. Some triple I satisfies omin(Ur)? > 11.

Proof. The weights d; sum to one, and

Z drzt = det(UT diag(z)U)
I

is stable because its matrix has positive definite imaginary part. Lemma 3.1 gives real-rootedness
of x. The trace of UL Uy is > icr Di; its second elementary symmetric function is ) Ggcl bi; by
Cauchy—Binet. Thus (9) gives the coefficient formula in (14). For x < 0 each determinant in the
average is negative, and for x > 1 each is positive, because 0 < UITU 1 = I3. There are no zeros
outside [0, 1]. Also C' > 0, so zero is not a root.

For selection, condition successively on inclusion or exclusion of coordinates in the random
triple. These operations replace its generating polynomial by a derivative or a specialization,
followed by normalization; nonzero conditional polynomials remain stable. At a node with both
children of positive probability, any convex combination of the child distributions can be obtained
by multiplying the weights of subsets containing that coordinate by a nonnegative scalar, and
taking a limit for the endpoint that conditions on inclusion. This is a nonnegative rescaling of a
variable in the conditional generating polynomial. Lemma 3.1, with the already selected vectors
included in Hy, shows that every convex combination of the two child characteristic polynomials
is real-rooted.

The common-interlacing criterion [6, Lemma 3.5] now applies. Here common interlacing
means that there are two real numbers 71 < 19 such that the zeros 81 < 82 < 3 of each child
satisfy 81 < n1 < B2 < 19 < 3. For monic polynomials with common interlacing, the smallest
zero of a convex combination lies between the smallest zeros of its children. Choose a child
whose smallest zero is at least that of its parent. Nodes with only one possible child require no
choice. After all coordinates have been conditioned on, the polynomial is det(xl3 — U7 U;) for a
triple I, proving the assertion. O



4 Proof of the Three-Column Bounds
Proof of the bound A,, > 1, in Theorem 1.1. Put d, = n®> + n — 4 and
hn(t) = (n — 2)dut* — (5n% — 11n + 4)t + 3n — 4.

Its discriminant is A, = (n? — 3n + 4)(13n? — 43n + 36), and 7, is its smaller zero. Define
6 3(n—1)

B e 2 _B_ __ @
U=B-m=-DC-T=0+ o=y =g S8 > C T amoy

and R =C + @ — B — 1. Lemmas 2.2 and 2.3 give U, S < 0. Lemma 3.2 gives —R = x(1) =
II j(l —rj) > 0. The following identity is obtained by collecting coefficients of Q, B, C:

X(t) = Av()U + As(t)S + Ar(t)R

(t — 1)ha(t) (1)
(n—2)dy
where 3+ — 1)((3n2 — 8 5V — 9 3
AU(t):f(”— )(t — )(((::_;)czf )t—2n+3)
WORE SIS (CRLI S .

No(t) = (n® +n? — 17Tn + 15)t% + (=5n? + 5n + 6)t + 3n — 1.
We verify all multiplier signs. Set £, = (2n — 3)/(3n? — 8n + 5). Substitution gives

(n —2)3d,
(n—1)2(3n —5)2

(n —4)d,

[t

hn(n) = >0,  hu(1/(n—3)) =—

Since 0 < ¢, < 1/(n — 3), we have £, < 7, < 1/(n —3) < 1, and hence \y(7,), As(7) > 0.
For the remaining sign, put
5-V13 5a
a=—"

= =n—06>0.
5 , L, Fr 6 u=n—62>0

Using 18/5 < /13 < 181/50, direct expansion gives

(51 — 6)2hy(Ly) = (545 — 150V/13)u? + (4388 — 1210V13)u

39 18
+ 8764 — 2420V/13 > 2u? + Z—u+ — >0,
5 5 (17)
2(5n — 6)2 N, (Ly) = (1440 — 400v/13)u? + (9541 — 2675v/13)u

+ 11559 — 3345V 13 < —89u — 483 < 0.
Since 0 < a < 3/4, we have L,, < 15/[4(5n — 6)] < 1/(n — 1). Together with

n — n2— n
m(1/n = 1)) = ~IE2EZEED

we obtain L, < 7, < 1/(n —1). The quadratic N,, is convex because its leading coefficient is
(n—=3)(n—1)(n+5) > 0. Its other endpoint value is

_n2—3n+8
n—1

No(1/(n — 1)) = <0.



Convexity therefore gives Ny, (7,) < 0 and Ar(7,) > 0. Equation (15) now implies x(7,) < 0. By

Vieta’s formulas and (12),

1 1 1 B

—4+ —4+—=—=<2(n—-1). 18

1 9 3 C — ( ) ( )
If r1 < 7, and 79 < 7, the first two terms already exceed 2/7,, > 2(n —1), a contradiction. Thus
r1 < 7, would imply r; < 7, < ro < r3 and hence x(7,,) > 0, again a contradiction. Therefore

r1 > Ty, and Lemma 3.2 proves A, > 7,. O
Proof of the comparisons and limit in Theorem 1.1. Let vy, = 2/(3n —4). One has

n(n—4)(n —2)

hn(vn) = =5 4y

> 0, vy < 1/(n —3),

and h,(1/(n —3)) <0, so v, < 7,. For the classical bound,

I 3(n—4)
TEno8  Gn-D@En_8

Un

For the uniform cubic (2),

2(n — 4)(31n2 — 86n + 60)
n(n—1)(n —2)(3n —4)3

fn(o) <0, fn(vn) = > 0.

It has a zero in (0,vy,), S0 p, < vy,. This proves (6). Finally, multiplying (3) by n and dividing
numerator and denominator by their leading powers of n gives nt, — (5 — v/13)/2. This proves
the stated limit bound. O

Proof of the siz-row bound in Theorem 1.1. The derivative ¢’ (z) = 21022 — 240x + 57 is positive
on [0,3/20]: it decreases there and ¢'(3/20) > 0. Since ¢(1/7) = —5/49 and ¢(3/20) = 69/800,
there is a unique zero a = ag in (1/7,3/20) and no smaller nonnegative zero. All terms of g(z)
are negative for x < 0, so a is its smallest zero.

By (12) and (13),

9 2 1 15 Q
- —<B B <2 -Q — = B < — —. 1
@ 10 =7 - C+3Q 2’ - 20+10 (19)
Set 9 2 1 15 Q
—Q-"-B, U=B-20-2Q+-, S=B- 20— *.
L£=q 10 U ¢ BQ + 2’ S 2 ¢ 10
All three are nonpositive by (19). Coefficient comparison gives
—165t% + 144t — 17 | —75t2 + 75t — 9
x(t) = 21 L+ +7 U
9 (20)
| 607 — 60t +10 5 g(1)
21 70 -

Each coefficient of £,U,S is positive on [1/7,3/20]. The first two numerators increase on this
interval and their values at 1/7 are 10/49 and 9/49, respectively. The third numerator decreases
and its value at 3/20 is 47/20. Evaluating (20) at ¢t = a gives x(a) < 0. If 1y < a and ry < a,
then 1/r; 4+ 1/r9 > 2/a > 10, contradicting (18). Thus 1 < a would force x(a) > 0. We obtain
r1 > a, and Lemma 3.2 proves the result. Finally, hg(3/20) = —7/25 < 0 and the preceding
bounds give 1/7 < 74 < 3/20. Reducing g modulo hg yields

(76) 137 — 12097¢

T¢ =

giTe 2888

Since ¢ is increasing on [0, 3/20], we obtain 74 < a. O



5 Matrices with at Most £ + 2 Row Directions

Lemma 5.1. Let r € {1,2}, let y1,...,ym € R", and let p; > 0 with > ;p; < 1. If H =
> piyiy; = 0, there is J C [m], |J| =7, such that 3 ;y;yf = H.

1/2 reduces

Proof. For r = 1, select an index maximizing yf For r = 2, congruence by H~
to H = I. First suppose p; = N;/N for positive integers N; and N. Increase the common
denominator if necessary so that N > 2. Form an N x 2 matrix with N; copies of le / VN and
N — %", N; zero rows. Its columns are orthonormal. The theorem of Sengupta and Pautov [3]
selects two rows with squared smallest singular value at least 1/N. Neither is zero, and they
cannot come from the same index because the selected matrix is nonsingular. Their indices j, ¢

satisfy yjy]T + ygyg = I.

For real weights, choose positive rational pgs) — p; with Zipgs) < 1. Then Hs; =
Zipgs)yiylr — Iz and H; > 0 for large s. Apply the rational case to Hs_lmyi. A fixed
pair is selected along a subsequence, because there are only finitely many pairs. Congruence

back gives yjy;fp + ygygT = Hg; passage to the limit proves the assertion. O

Proof of Theorem 1.2. Partition the nonzero rows into m distinct lines, where £ < m < k + 2.
In group j write the rows as ajgva, with ||v;]| =1 and aj, #0, 1 < £ < m;. Set

2
maxy aj,

R 2 R ~ ) R
5j = g ajps wj = /5 vj, cj =
¢

Sj

The matrix W with rows w;; satisfies WTW = I}, and

1 1
P> — < < n. 21
CJ—mja ch—zm]—n ( )
j J
If m = k, then W is orthogonal. Choosing a longest row from every group gives a Gram matrix
diag(c;j) = I/n.
Suppose m = k + r with r € {1,2}. Complete W to an orthogonal matrix [IW Z], where
Z € R™*" has rows z]T Then WW7T =1, — ZZT and > ijf = I,. Put t = 1/n. Since each
group omits at least one other nonempty group, m; < n and c¢; > t. Define
t t
bj = v Y=V Abiz, pi=
Cj — t Cj

The weights satisfy >, p; <1 by (21), and

T T
H = E PiYiy; = E bjzjzj > 0.
J J

Positive definiteness holds because all b; > 0 and Z has full column rank. Lemma 5.1 gives |J| = r
such that >, ;(1+ bj)zjz;fp = H. Let I = [m]\ J and select a longest row from every group

indexed by I. Up to row signs, its Gram matrix is D(Iy — Z; Z} ) D, where D = diag(y/c; : i € I).
The Schur-complement criterion gives

D(I, — Z1ZND = tI, <= ZI'D(D*—tI,)"'DZ; < I,
= > (1+b)zzl <1 (22)
el
For justification, A — XXT > 0 with A = 0 is equivalent to XTA71X < I. This follows

by congruence with A=1/2 and equality of the nonzero eigenvalues of YY7 and Y7V, where
Y = A7'/2X. The last inequality of (22) follows from

Z(l + b,)zzle =I.+H-— Z(l + bj)ZijT =< I.
i€l jeJ



This proves (7). O

Proposition 5.2. For every n > k > 1, there is U € R™** with UTU = I}, such that
max opin(U)? = l (23)
\I|=k n

For k > 2, its nonzero rows lie on k + 1 distinct lines.

Proof. For k =1, take all rows equal to n~2. Let k > 2. Choose uy, ..., u; € RF1 with
k—1 1.,
doujuy =Ty, Y oup =0, P =, wfuy =~ (i # ).
J J

Such vectors are the rows of a matrix whose columns form an orthonormal basis of 1+ C R¥.
Set a = \/(n —1)/(n(n — k)) and b = 1/vkn. Take n — k rows equal to = = (a,0,...,0), and
the remaining rows y; = (b, u;), 1 < j < k. Their outer products sum to Ij.

The submatrix consisting of all the y; has column Gram matrix diag(1/n,1,...,1). Any
submatrix with two copies of x is singular. For a submatrix with one z and all y; except y,, the
column Gram matrix equals the identity on the (k — 2)-dimensional space orthogonal to the first
coordinate and u4. On the remaining two-dimensional space it is

oo <a2+(k1)b2 b«/(k:l)/k:)
T \=b/(k—1)/k 1/k ‘

The diagonal entries of H, — I2/n are positive, and

1 1 1 k—1 k—1
2 YR Y SN g2 '
<a + (k-1 n)\k n k2n b k

Thus Hy — Iz/n is positive semidefinite with determinant zero, so the smallest eigenvalue of H,
is exactly 1/n. This exhausts all submatrices and proves (23). The u; are distinct, all y; have

the same positive first coordinate, and no u; is zero. Hence x,y1, ...,y determine k£ + 1 distinct
lines. O
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