GRAHAM POSITIVITY OF QUANTUM DOUBLE SCHUBERT
POLYNOMIALS

TONGREN XTAO AND YIHUA YUE

ABSTRACT. We prove a positivity property for coefficients in the product expansion of
quantum double Schubert polynomials.

1. INTRODUCTION

Let Soo = Upst Sms X = (21,22,...), ¥y = (Y1,92,---), t = (t1,t2,...) and q =
(@1, 42, - - -). Since Z[x, t][q] = D,,cq_ Z[t][a]EL(x;t), we can consider the following prod-
uct expansion by extending scalars from Z[t][q] to Z|y, t][q]:

(1) Si(xy) Sixit) = D Oy ta) S (x:t).
WESoo

Claim. For any u,v,w € Ss,

For fixed u,v € S, since the direct sum decomposition should be finite, we can choose
n sufficiently large such that u, v and every permutation occurring in the expansion belong
to S, while every variable occurring in its coefficients is among y1,...,¥yn, t1,...,t,, and
Qs Qon—1. Write x = (x1,...,29,) and q = (q1,...,¢2n—1). Following the parameter
arrangement method of Gao—Xiong [2], set a = (t1,...,tn,Y1,...,Yn), and let 7 € Sy, be

the permutation such that 7a = (y1,...,Yn,t1,...,t,). (1) can be rewritten as:
(2) Sl(x;7a)8i(x;a) = Z Cr(a;q)61(x; a).
wWESay,

Following Lam—Shimozono [4, Section 2.1], let e; and EZ-(Qn) be the elementary symmetric
polynomials and their quantum analogues, and write J$ = (e;(x) — ¢;(a)) and J3, =
<Ei(2n) (x,q) — e;(a)). Follow Fomin-Gelfand—Postnikov [1, Theorem 1.1, Proposition 3.3]
and extend the map by Z[al-linearity to a Z[q, a]-module automorphism of Z|[x, q, a], as
in Lam-Shimozono [4, Section 3.3]. This induces a map 0 : Z[x,a]/J, — Z[x,a,q]/J5.

Classical equivariant Borel presentation gives an isomorphism between Z[x, a|/Js, and
H3(Fly,); Kim’s presentation [3, Theorem 2] gives an isomorphism between Z[x, a, q]/J3,
and QH7(Fly,). Z[x,a,q]/ J;’Z ~ QH;(Fly,); Lam—Shimozono [4, Theorem 5| identifies
the basis [&4,(x;a)]jg= +— 0. ¢ is the canonical Z[a]-linear embedding sending [X,,]"
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to ol. We have the following commutative diagram:

ZxallJ, L Hi(Fb)  [Subcally, o (KT [Subsrally, o [P
oo e l l l l
Zxad/ e S QH(FL)  (Sh(ca) e o o S50 7a)] g Ol X,])

Remark. The red arrow is what Gao-Xiong used in geometric proof [2]; the blue arrow
is because of the Zla]-linearity of ; the green arrow records that the twisted quantum
Schubert class is ¢([7X,]7), which allows us to apply Mihalcea’s EQLR.

Thus we can convert (2) to a geometric form in the flag variety. Decompose & (x;7a)
along the quantum Schubert basis, embed the whole polynomial equation to the polynomial
classes and map it into Q H;(Fly,), then compare the coefficients of o with the definition
of EQLR in Mihalcea [5, Section 5]. Following Mihalcea’s notations [5], and writing Y,
for the opposite Schubert variety (see Section 2), we have

(3) Cov(a Zq Tama)s (evilr X" - evi[X,]" - evi[Y,]T).

d>0

2. PROOF OF CLAIM

Let G = GLy,, B C G be a Borel subgroup, B~ be the opposite Borel, and "= BN B,
so that X = G/B = Fly,. Following Gao—Xiong [2], let N~ be the unlpotent radical of B~
") be the longest element of S,,, and write N~ (w)=N"NwN w !, B (w)=TN (w )
For w € Sy, we take the B~-Schubert varieties X, = B~wB/B and the opposite Schubert
varieties Y,, = BwB/B. For a fixed effective degree d, define I, = (evy, evy) (X, x X,)
and T'd | = (evs).[IZ,].

U,

Proposition 2.1. Following Mihalcea’s notations [5], write Mg = Mo 3(X,d) with eval-
uation maps ev; and F = (evy,evy) : Mg — X x X. For every u,v € S, the incidence
scheme L‘jv = F 47X, x X,) is reduced and locally irreducible, and each of its irreducible
components has codimension ((u) + ¢(v). Moreover,

(4) (evi[rXu)" - ev3[ X)) N IMa]" = (I,

u,v

J© i HE (Ma).

Proof. Clearly, F' is diagonally G-equivariant. Let ap = 1 x w ) e Sopn. Since u,v € Sy,
one has

ao Xy = Xy, ao X, = X, ag'Tag = w(()Q").
Thus diagonal left translation by ay' identifies
TXu % X, = wi X, x X,

The moduli space Mg is irreducible by Thomsen’s theorem [6, Theorem 1]. By Mihalcea’s

incidence lemma [5, Lemma 6.3], Iuy is reduced, locally irreducible, and of codimension

codimyx (W™ X,) + €(v) = €(u) + ((v).
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In particular, writing V' = 7X, x X, C X x X, every irreducible component of F~1(V) =
2, has codimension codimy, x V = £(u)+¢(v) and algebraic multiplicity one. Mihalcea’s
formula (2”) [5, Section 3.1}, applied to F' : Mg — X x X (with X x X smooth), therefore
yields

F* VI n[Mq]" = [Ig,]"  in H] (Ma).
Since F*[V]T = evi[tX,]" - ev3[X,]7, this is precisely (4). O

Lemma 2.2. The cycle TS is an effective B~ (7)-invariant cycle on X.

Proof. The variety X, is B~ -invariant. If h = 7h/t7' € N~ (1) = N- N 7N~ 77!, then
hMrX,) = WX, € 7X,. Hence 7X, x X, is B~ (7)-invariant, and so is its preimage
I8, = F7'(1X, x X,). By Proposition 2.1, I, is a reduced closed subscheme of Mg, so
its fundamental cycle is effective. Since evs is proper, the push-forward I'S | = (evs),[Ig,]

is an effective cycle on X. Moreover evy is G-equivariant, so I'¢ is B~(7)-invariant. [

Theorem 2.3. There is a unique expansion

(5) rd )" =" pii@) (X" in Hi(X),
Z€S2n

and

(6) pi’f;‘(a) € N[—alacr) = N[t; —y; : 1 <i,j < nl.

Here I(1) = {y; —t; : 1 < i,j < n} is the left inversion set of T, in the notation of
Gao-Xiong [2, Sections 2.1 and 2.3].

Proof. The classes {[X.]T : 2 € Sy,} form a Z[a]-basis of H4(X), so the expansion (5)
exists and is unique. Since I'§ , is an effective B~ (7)-invariant cycle on X by Lemma 2.2,
apply Gao-Xiong [2, Theorem 2.3 and Corollary 2.4] with w = 7 and Y = ' | then we
obtain the desired expansion. U

Write b = evi[rX,]7 - evi[X,]7. By the definition of the equivariant Gysin map [5,
Appendix] and (4),
(7) (evs)s (b) = PD((eva)u(b N [Ma]")) = PD((eva).[Iy,]") = [T5,]"  in Hi(X),
where PD denotes the equivariant Poincaré duality isomorphism (available since X is
smooth), and the last equality is the definition I'S , = (evs),[Ig,]. The projection for-
mula [5, Section 3.1, formula (1)] gives (evs)T (evi[Vy,]T - b) = [Va,]T - (evs3)T(b). Applying

(mx)T and using 7y, = 7x 0 evy together with (7), we obtain
(8) (mata)s (b evi[Ya]") = (mx)! (T3] [Yal") -
Combining (3), (5) and (8), we obtain
Col(aqg) =Y q¥(mx)! (C,]7 [Yal") = > pida)q(mx)! (X7 [Y]") = D pid(a)q? ...

d>0 d>0 d>0
2E€San 2E€S2n,

By Theorem 2.3, each p79(a) lies in N[t;—y; : 1 <4, j < n], hence C; (a;q) € N[t;—y;, ¢ |
i, 7,k > 1]. This proves the claim.
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